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Theorem 1. If a machine implementation for logyz s based on this for-

mula:
log z

_— 1
log 5 4 log 2 (1)
and the relative errors in the implementation of the logarithm, the addition

and the division are bounded by {5, where e < 2 (\/ 13 — 3), then the relative
error introduced by the implementation of log,y z is bounded by .

logygz =

Proof. The machine implementation of log;, z returns

(log z)(1 + €1)(1 + €5)
((log2)(1 4 €2) + (logh)(1 +€3)) (1 4+ €4)

f(z) = (2)
where €1, €2 and €3 are relative errors caused by the implementation of log,
€4 the relative error caused by the implementation of the addition, and €5
the relative error caused by the implementation of the division.

Because

(log 2)(1 + €2) + (log 5)(1 + €3) = (log 10) (1 . (log2)ep + (log 5)e3> 5

log 10
it follows that
(log2)(1 + €2) + (log5)(1 + €3) = (log 10)(1 + d1) (4)

with
61| < max(|e], |es]) (5)

So we can rewrite expression (2) as

~ (log2)(1+e1)(1+e5)
12 = Gog 10T T 1)1 T e2) (6)

which is equivalent to

(log z)(1 + e1)(1 + €5)
(log 10)(1 4 d2)

flz) =

1



where, assuming that [d1], |e4] < 1,

02| < 3max(|01], |ea)

Because
1 K
P > (=62)" = (1+33)
k=0
with
|65] < [02]

we can simplify expression (6) as
f(z) = (logyg 2)(1 4 1) (1 + €5)(1 + 03)

such that
f(2) = (logyg 2)(1 + 64)

where, assuming that |e;[, |es], [d3] < @,

|64] < 4max(|e], |es], [03])

If now |e1],...,|es] < ‘1%|, then
€
|01] < T3 because of (5)
|02] < i because of (8)
|03] < i because of (10)
|04] <[é|

which, in combination with equation (12), concludes the proof.
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